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I am an applied mathematician with interests in modern applications of functional and harmonic analysis.
Much of my work is motivated by emerging signal processing problems from biomedical and defense-related
applications. Mathematically, my work involves techniques from numerical linear algebra, matrix analysis,
random matrix theory, geometric functional analysis, spectral graph theory, additive combinatorics, com-
putational complexity, information theory, algebra and number theory—generally, I’m happy to learn more
math to solve new problems.

Collaboration is an important part of my research philosophy. I frequently work with Matt Fickus (Air
Force Institute of Technology), who advised my MS thesis and introduced me to research-level mathematics;
with Afonso Bandeira (Princeton), who I met in grad school and is finishing his PhD studies; and with
Jameson Cahill (Duke), who studied under another collaborator of mine (Pete Casazza) and is finishing his
post doc under most of my PhD committee (Robert Calderbank and Ingrid Daubechies). What follows is a
description of the various problems I have solved with these and other collaborators:

Compressed Sensing

Figure 1: (top left) The Shepp–Logan Phantom test image.
(top right) White pixels denote samples in the Fourier domain.
(bottom left) Projection of test image onto span of sampled
Fourier modes. (bottom right) Reconstruction obtained by min-
imizing total variation subject to the Fourier samples; the re-
construction is perfect [24].

Taking an MRI scan can be difficult at times—if
a doctor requires a high-resolution image, then a
single breath by the patient will produce an unac-
ceptable blurring effect. Unfortunately, such a scan
with conventional MRI technology can be slow, re-
quiring the use of anesthesia to stop the patient’s
breathing for a couple of minutes (which can be
dangerous). In 2004, Candès performed a simula-
tion on his computer (Figure 1) and discovered that
a high-resolution image can be recovered from very
few MRI-type Fourier samples by convex optimiza-
tion [32]. Since this discovery of compressed sensing,
it has been used to speed up MRI scans by a factor
of 10 [41].

Basic theory. An M × N matrix Φ satisfies
the (K, δ)-restricted isometry property (RIP) if

(1− δ)‖x‖22 ≤ ‖Φx‖22 ≤ (1 + δ)‖x‖22

for every vector x with at most K nonzero entries
(that is, x is K-sparse). Suppose we are given data
y = Φx\ + e of some unknown vector x\ which is
well-approximated by a K-sparse vector; here, e de-
notes unknown noise satisfying ‖e‖2 ≤ ε. In the case
of MRI, the desired image has a sparse gradient or
wavelet transform and is sampled in the Fourier do-
main, and so Φ captures both the sampling scheme
and the sparsifying transform. The main result in compressed sensing states that the solution to the convex
program

arg min ‖x‖1 subject to ‖Φx− y‖2 ≤ ε (1)

is a noise-robust reconstruction of x\ provided Φ satisfies (2K, δ)-RIP for some δ <
√

2−1 [20]. Furthermore,
if Φ has iid Gaussian entries (suitably scaled), then it satisfies (2K, δ)-RIP with high probability provided
M ≥ (C/δ2)K log(N/K) [26]. As such, the number of measurements M is permitted to scale linearly with
the complexity K of the signal, and only mildly with the ambient signal dimension N (notice the dramatic



improvement over traditional linear algebra). This scaling is essentially preserved when the matrix Φ is drawn
at random from another sufficiently nice distribution (as would be necessary for MRI) [10, 12, 40, 44, 45].
The following diagram depicts this state of compressed sensing theory:

random matrix =⇒ RIP

+ =⇒ robust reconstruction

`1 minimization

Part of my research program is dedicated to determining how necessary these sufficient conditions are, with
the intent of expanding the applicability of compressed sensing.

Derandomized RIP matrices. First, in pursuit of an explicit RIP matrix, note that RIP states that
every collection of K columns of Φ are nearly orthonormal. As such, it is natural to minimize the size of the
off-diagonal entries of Φ∗Φ while keeping the diagonal entries close to 1. However, since the columns of Φ
lie in dimension M � N , there is a limit to how pairwise incoherent these vectors can be, but picking unit
vectors of near-optimal incoherence quickly leads to an RIP matrix with K �

√
M [3, 30, 37]. Interestingly,

it has proven extremely difficult to find an explicit RIP matrix which breaks this square-root bottleneck ;
Terence Tao first posed this problem on his blog in 2007 [50]. In 2010, Bourgain, Dilworth, Ford, Konyagin
and Kutzarova announced a construction which breaks the bottleneck [15]. Their construction uses additive
combinatorics to build column vectors that satisfy a notion of higher-order incoherence called flat-RIP (which
in turn is equivalent to RIP up to log factors [11, 15]): We say Φ = [ϕ1 · · ·ϕN ] satisfies (K, θ)-flat RIP if∣∣∣∣〈∑

i∈I
ϕi,
∑
i∈J

ϕi

〉∣∣∣∣ ≤ θ(|I||J |)1/2
for every pair of disjoint subsets I, J ⊆ {1, . . . , N} with |I|, |J | ≤ K. Still, the construction takesK �M1/2+ε

for some small ε > 0.
I recently optimized the analysis of Bourgain et al. [15] to find that one may take ε = 4.44×10−24 [42]. As

a conditional result, we have also constructed an explicit matrix based on the Paley graph for which breaking
the square-root bottleneck corresponds to proving a folklore conjecture in number theory [11]. Finally, we
showed in [10] how to leverage the Legendre symbol to construct an M ×N matrix of ±1’s (suitably scaled)
that is (K, δ)-RIP with M = (C/δ2)K log2K logN , and only uses O(K log((K/δ) logK) logN) random bits
(as opposed to MN , which is much more). The matrix is populated with consecutive Legendre symbols,
and the proof of RIP uses flat-RIP. We conjecture that the construction can be completely derandomized,
but considering flat-RIP, proving this would require a better understanding of incomplete sums of Legendre
symbols.

RIP is unnecessary. Jameson Cahill and I recently characterized the sensing matrices Φ for which `1
minimization robustly reconstructs all nearly sparse signals [18]. Interestingly, the characterizing property
is not RIP, but rather a new property we call the robust width property (RWP): We say Φ satisfies the
(c0, c1)-robust width property if

‖x‖2 ≤
c0√
K
‖x‖1

for every x such that ‖Φx‖2 < c1‖x‖2. In words, RWP ensures that every vector in the intersection of
the null space of Φ with the unit `1 ball is small in `2 (i.e., the intersection has a small width); “robust”
comes from the fact that vectors in the unit `1 ball which are close to the null space of Φ exhibit similar
concentration in `2. Our main result in [18] is that, given y = Φx\+e, the solution x? to the `1 minimization
program (1) satisfies

‖x? − x\‖2 ≤
C0√
K
‖x\ − x\K‖1 + C1ε

if and only if Φ satisfies the (c0, c1)-robust width property with c0 � C0 and c1 � C−11 (we lose a factor of

2 or 4 in each direction). Here, x\K denotes the K-sparse vector which is closest to x\, and so ‖x\ − x\K‖1
quantifies the degree to which x\ is nearly K-sparse. In [20], Candès shows that RIP matrices exhibit this
identical performance, but in [18], we apply techniques from geometric functional analysis to find RWP
matrices which are not RIP, meaning RIP is not necessary for robust reconstruction.
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Convex optimization is unnecessary. I have also studied faster alternatives to convex optimization.
For the sake of simplicity, suppose x is exactly K-sparse with nonzero entries of size Θ(1), and consider
y = Φx. The trick is to note that the back-projection z = Φ∗y looks a lot like x. To see this, observe that
z = Φ∗Φx, and furthermore Φ∗Φ = I + E, where every entry of E is particularly small, say O(1/

√
M);

this occurs, for example, if the columns of Φ have unit norm and exhibit near-optimal incoherence. Then
z = x + Ex, and if the signs of the entries of E fluctuate randomly, we can expect each entry of Ex to
have size O(

√
K/M). As such, each entry of z has the form z[i] = x[i] + (Ex)[i], and since each nonzero

entry of x is Θ(1), we can identify the support of x by looking for big entries of z, provided each (Ex)[i]
contributes only a small deviation, i.e.,

√
K/M � 1. Once the support K of x has been estimated, one

may isolate the active columns of Φ, say ΦK, and attempt to estimate the nonzero entries xK of x by least
squares: x̂K = (Φ∗KΦK)−1ΦKy. This is the main idea behind a reconstruction alternative known as one-
step thresholding (OST). Since the computational complexity of OST amounts to a matrix-vector product
(z = Φ∗y) and a least-squares estimation (x̂K = (Φ∗KΦK)−1ΦKy), this is much faster than `1 minimization,
whose complexity is dictated by linear programming.

While the above intuition is helpful, it is not quite rigorous enough to prove performance guarantees.
The main difficulty is ensuring that the signs of the entries of E fluctuate sufficiently “randomly.” If Φ is
drawn at random, then we might expect such fluctuation in E, but the signs will not be independent since
M < N . If instead we fix Φ and put a random model on the support of x, then it turns out we get sufficient
fluctuation provided each row-sum of E is sufficiently small. Indeed, one of our main results in [4] states
that if Φ = [ϕ1 · · ·ϕN ] satisfies ‖Φ‖22 = N/M and

max
i,j∈{1,...,N}

i 6=j

|〈ϕi, ϕj〉|, max
i∈{1,...,N}

∣∣∣∣ N∑
j=1
j 6=i

〈ϕi, ϕj〉
∣∣∣∣

are both sufficiently small, then OST robustly reconstructs K-sparse vectors of random support provided
K = O(M/ logN). Interestingly, the conditions above amount to an easily checkable property of Φ, unlike
RIP, which we proved is NP-hard to check in [9]. We also recently analyzed a natural generalization of OST
to solve the subspace unmixing problem [5].

Phase Retrieval

Figure 2: The X-ray diffraction pattern of an object corre-
sponds to the modulus-squared of the object’s Fourier trans-
form. In order to completely determine the object, Candès et
al. [21] proposed to observe the diffraction pattern from multiple
exposures, each using a different mask to change perspective for
additional information. The goal of phase retrieval is to recon-
struct the object from these diffraction patterns.

How do you view objects that are too small to see?
If you shoot X-rays at the object of interest, then the
resulting diffraction pattern will correspond to the
modulus-squared of the object’s Fourier transform.
In 1951, Watson and Crick used the X-ray diffrac-
tion pattern of DNA to discern its helical struc-
ture [52], which ultimately won them a Nobel Prize.
Today, medical research demands images of far more
complicated objects (such as proteins), and the com-
plication offers far less prior information about the
desired structures. Of course, the modulus-squared
of the Fourier transform is not invertible, so more
information is necessary. To access this informa-
tion, Candès, Eldar, Strohmer and Voroninski [21]
recently proposed an imaging scheme in which each
exposure uses a different mask to change the per-
spective of the object (see Figure 2). What remains
is an interesting math problem: How do you design
measurement vectors {ϕn}Nn=1 so that any vector x
can be determined from {|〈x, ϕn〉|2}Nn=1? This prob-
lem is known as phase retrieval.
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Conditions for injectivity. The first thing to note about phase retrieval is that

|〈−x, ϕn〉|2 = |〈x, ϕn〉|2.

In fact, any scale factor of unit modulus cannot be detected with intensity measurements, and so the best
one can hope to do is recover x up to a global phase factor. Equivalently, one could recover the rank-1
matrix xx∗. After counting dimensions of the appropriate algebraic variety, we conjectured that 4M − 4
intensity measurements are necessary and generically sufficient to uniquely determine any M -dimensional
vector up to global phase, and we leveraged some ideas from algebraic geometry to prove this conjecture
when M = 2, 3 [7]. Since then, the American Institute of Mathematics hosted a workshop which was
dedicated in part to proving our so-called 4M − 4 conjecture; here, more sophisticated techniques from
algebraic geometry were leveraged to prove the conjecture whenever M = 2m + 1 for some nonnegative
integer m [29]. This establishes that the imaging scheme of Candès et al. requires at least four exposures
to image an object. Interestingly, it seems difficult to determine whether a given collection of measurement
vectors yields injectivity for phase retrieval; we provide several conditions for injectivity in [7, 35].

Algorithms for phase retrieval. We start with a useful observation:

|〈x, ϕn〉|2 = x∗ϕnϕ
∗
nx = Tr[x∗ϕnϕ

∗
nx] = Tr[ϕnϕ

∗
nxx

∗] = 〈xx∗, ϕnϕ∗n〉HS,

where the last inner product is between operators in Hilbert-Schmidt space. As such, intensity measurements
can be linearized by “lifting” vectors to their outer products; this idea first appeared in [6]. Furthermore, since
the Hilbert-Schmidt space of M×M self-adjoint operators is finite-dimensional, it suffices to have {ϕnϕ∗n}Nn=1

form a spanning set. However, this requires N = Ω(M2), whereas we know that O(M) measurements suffice
to uniquely determine every outer product. To rectify this, we can leverage additional information about
xx∗, namely, that it has rank 1. This is analogous to the setting of compressed sensing, except instead of
exhibiting sparsity, the desired unknown exhibits sparsity in its spectrum. Continuing with the analogy, we
are compelled to consider the following convex program:

arg min Tr[X] subject to 〈X,ϕnϕ∗n〉 = yn ∀n ∈ {1, . . . , N}, X ≥ 0.

The last constraint forces X to be positive semidefinite. This program (called PhaseLift) was proposed
in [21], and has been shown to recover xx∗ with high probability provided N = O(M) and the measurement
vectors have iid N(0, 1) entries [22, 25, 51]. In addition, one may use this program to reconstruct from the
modulus-squared of O(log2M) randomly masked Fourier transforms [23, 38], meaning the imaging scheme
of Candès et al. can be inverted after only O(log2M) exposures. Unfortunately, the convex program is
implemented as a semidefinite program, which (though polynomial-time), requires significant resources in
time and space to run compared to the M signal dimensions (the fact that the algorithm runs in lifted space
doesn’t help).

As an alternative, we devised a phase retrieval algorithm [1] based on the following version of the
polarization identity:

〈x, ϕi〉〈x, ϕj〉 =
1

3

2∑
k=0

ωk|〈x, ϕi〉+ ω−k〈x, ϕj〉|2 =
1

3

2∑
k=0

ωk|〈x, ϕi + ωkϕj〉|2.

Here, ω denotes any primitive cube root of unity. In words, if we have the intensity measurements

|〈x, ϕi〉|2, |〈x, ϕj〉|2, |〈x, ϕi + ωkϕj〉|2, ∀k ∈ {0, 1, 2},

then we can determine the relative phase between 〈x, ϕi〉 and 〈x, ϕj〉. Furthermore, once we know relative
phases between inner products with an entire spanning set, we can propagate the relative phase factors and
find the least-squares estimate (up to a global phase factor). This is the basic idea behind phase retrieval with
polarization, which applies a recent spectral method called angular synchronization [47] to democratically
merge relative phases (so as to suppress noise propagation) and then recovers the signal by least-squares
estimation. We proved that the algorithm is robust to noise and is extremely fast compared to PhaseLift.
Furthermore, in [8], we show how to construct O(logM) masked Fourier transforms which allow one to
perform phase retrieval with polarization, meaning the advantages of polarization may be applied to the
original imaging scheme of Candès et al.
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Frame Theory

Many instances of signal processing require unit vectors {ϕn}Nn=1 with some of the following properties:

• Equidistribution.
∑N
n=1 |〈x, ϕn〉|2 = C‖x‖22 for every x.

• Packing. |〈ϕi, ϕj〉| ≤ µ for every i, j ∈ {1, . . . , N} with i 6= j.

• Covering.
∑
n∈K |〈x, ϕn〉|2 ≥ α‖x‖22 for every sufficiently large K ⊆ {1, . . . , N} and every x.

For example, in compressed sensing, an RIP matrix with unit-norm columns necessarily forms a packing.
Also, in phase retrieval, it is desirable for the measurement vectors to form a covering [7]. In either setting,
it is important to have (near) equidistribution for the sake of noise robustness [1, 4]. To a large extent, frame
theory is the study of collections of vectors (i.e., frames) which satisfy these and related properties. Much
of my initial exposure to research-level mathematics was in frame theory, so it is perhaps no surprise that I
have since pursued some of its applications, namely, compressed sensing and phase retrieval.

Unit norm tight frames. A unit norm tight frame (UNTF) is a collection of vectors which exhibits
equidistribution. We have learned a lot about UNTFs in the last few years. For example, it is now well-known
that the Benedetto–Fickus frame potential

FP({ϕn}Nn=1) :=

N∑
i=1

N∑
j=1
j 6=i

|〈ϕi, ϕj〉|2

is minimized at UNTFs, and that each of its local minima is global [13]. One of the fundamental problems
about UNTFs is the Paulsen problem [16], which asks: If a frame is nearly equidistributed, how close is
the closest UNTF? (This problem was motivated in part by quantization issues with frames.) Intuitively,
given a frame which is nearly equidistributed, its frame potential must be small, and so one may perform
gradient descent on the frame potential to converge to a nearby UNTF. In [27], we estimated step sizes of
this gradient descent iteration to provide a solution to the Paulsen problem.

Another fundamental UNTF problem is how to construct them. In [17, 36], we parameterize the entire
set of UNTFs, and we give an efficient algorithm that constructs any desired UNTF given the appropriate
parameters. The paramaterization uses a new theory of eigensteps which is essentially a bookkeeping device
to keep track of spectra of partial frames. This theory enabled us to find a constructive proof of the Schur–
Horn theorem [36]. Also, with this parameterization, we were able to prove that for every (M,N) 6= (2, 4),
the set of UNTFs forms a connected and irreducible algebraic variety [19], thereby solving a 10-year-old open
problem [31].

A natural generalization of UNTFs is so-called tight fusion frames (TFFs), which are collections of
M ×M orthogonal projection operators {Pn}Nn=1 such that

N∑
n=1

‖Pnx‖22 = C‖x‖22

for every x. Consider TFFs for which each projection has the same rank K; one could think of these TFFs
as equidistributed points in the Grassmannian. In [28], we completely characterize the triples (M,N,K) for
which TFFs exist. In particular, if N ≤ dM/Ke, no TFF exists; if N ≥ dM/Ke+2, a TFF necessarily exists;
interestingly, in the boundary case where N = dM/Ke+ 1, existence can go either way, and we provide an
algorithm which determines existence in K iterations.

Equiangular tight frames. An equiangular tight frame (ETF) is a UNTF with the additional property
that there is some µ ≥ 0 such that |〈ϕi, ϕj〉| = µ for every i, j ∈ {1, . . . , N} with i 6= j. It turns out that for
any packing,

µ ≥

√
N −M
M(N − 1)

,

with equality precisely when the packing is an ETF [49]. Interestingly, equality isn’t always possible, meaning
ETFs don’t exist for all pairs (M,N), but when they do, the above bound (called the Welch bound) implies
that they are necessarily optimal packings. Due to their optimality, ETFs are useful in applications such as
communication [53].
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Figure 3: (from [43]) Platonic solids for which antipodal points
determine equiangular lines. The unit vectors which span these
lines form the only equiangular tight frames (ETFs) in R3. ETFs
are optimally incoherent unit vectors, and find applications in
communication protocols [53]. Part of my research program uses
different types of combinatorial designs to build new examples
of ETFs in spaces of higher dimension.

While ETFs don’t always exist, we currently
know of a few infinite families, and every known
infinite family is constructed using some form of
combinatorial design. For example, a difference
set is a subset D of a finite abelian group G with
the property that for every g ∈ G, there exist ex-
actly λ different pairs (d1, d2) ∈ D × D such that
d1 − d2 = g. Given the matrix representation of
the Fourier transform over G, if you collect the rows
indexed by any difference set D ⊆ G, then the re-
sulting columns form an ETF once they are normal-
ized [54]. Since the initial attempts of constructing
ETFs in 1979 [46], this harmonic ETF construc-
tion was the only known infinite family to allow
N/M � 2. This changed in 2010 when we lever-
aged another type of combinatorial design to build
ETFs [37]: A Steiner system is a collection B of size-k subsets (called blocks) of a finite set V (called points)
with the property that every pair of points in V is contained in exactly one block in B. To build Steiner
ETFs, we perform a tensor-like product between the block-point incidence matrix of a Steiner system and a
regular simplex with entries of unit modulus, for example: 1 1 0

1 0 1
0 1 1

 “⊗”

[
1 ω ω2

1 ω2 ω

]
=

 1 ω ω2 1 ω ω2 0 0 0
1 ω2 ω 0 0 0 1 ω ω2

0 0 0 1 ω2 ω 1 ω2 ω

 ,
where ω denotes a primitive cube root of unity. It is easy to verify that the columns of the right-hand matrix
form an ETF once they are normalized. For more information about this construction and its generality,
see [37]. Later in [39], we applied techniques from finite field theory to show that a large subcollection of
Steiner ETFs can actually be unitarily rotated to form harmonic ETFs. Currently, we are finishing a project
in which we leverage certain combinatorial designs from finite geometry to build yet another infinite family
of ETFs.

Erasure-robust frames. Suppose Alice encodes an M -dimensional vector x in terms of a collection
of inner products {〈x, ϕn〉}Nn=1, but some of the inner products are lost when they are sent to Bob. Can
Bob still determine x? If he receives fewer than M of the inner products, then there is certainly no hope
of recovering x. However, if every M -element subset of {ϕn}Nn=1 forms a basis, then x can be recovered
from any M of the inner products. Such collections of vectors are called full spark frames. I am particularly
interested in full spark frames which are constructed by collecting rows from an N × N discrete Fourier
transform matrix; these are related to Beurling’s theory of balayage in classical harmonic analysis [14]. It is
a simple consequence of Chebotarëv’s theorem [48] that any such frame is full spark whenever N is prime.
For the case where N is a power of a prime, we characterized all subsets M ⊆ Z/NZ such that collecting
rows indexed by M forms a full spark frame [2]. In particular, this occurs precisely when, for every divisor
d of N , the d cosets of the subgroup generated by d partition M into subsets, each of size b|M|/dc or
d|M|/dc. Shockingly, this characterization does not hold in the general case (we found a counterexample
when N = 10). The general case is remains open.

Returning to the problem of Alice and Bob, full spark only ensures that x is uniquely determined from
any M of the inner products, whereas in practice, Bob will also want noise robustness. In other words, Bob
wants the covering property (defined at the beginning of this section) for some large α instead of the existence
of some arbitrarily small α > 0. Frames which satisfy this property are called numerically erasure-robust
frames (NERFs), and Matt Fickus and I introduced these in [34]. While the problem of constructing NERFs
is similar to that of constructing RIP matrices (both properties require all submatrices of a certain size to be
well-conditioned), we found some success using frame theoretic techniques. Later in [33], we leveraged group
symmetries to construct explicit ε-nets that helped in estimating the covering properties of certain NERFs.
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